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Brief recap of Brief recap of Kohn-Sham DFTKohn-Sham DFT

The Exchange-Correlation Energy FunctionalThe Exchange-Correlation Energy Functional

XC Energy functional (simple) approximations: XC Energy functional (simple) approximations: 
pros and conspros and cons



  

The electronic structure problem

GOAL: GOAL: determine determine 
material properties material properties 

directly from directly from 
fundamental equationsfundamental equations



  

Challenge of the electronic structure problem

CHALLENGE: CHALLENGE: develop efficient anddevelop efficient and
accurate methods accurate methods 

PROBLEM: PROBLEM: the time-to-solution of the the time-to-solution of the 
Hamiltonian problem scales as the Hamiltonian problem scales as the 

exponential of Nexponential of N



  

Breakdown of the exponential wall

Which information is Which information is 
contained in the density?contained in the density?

Can we use the density to Can we use the density to 
calculate materials properties?calculate materials properties?



  

RECAP:  The Hohenberg–Kohn theorem 

1 to 1 1 to 1 
correspondencecorrespondence

UniversalityUniversalityVariationalVariational
accessaccess

HK density functionalHK density functional



  

RECAP: The Kohn-Sham equation

Kohn-Sham (KS) equationKohn-Sham (KS) equation

KS statesKS states

KS energiesKS energies

KS potentialKS potential



  

RECAP: The Exchange-Correlation Potential

Hartree potentialHartree potential
Exchange-CorrelationExchange-Correlation

(xc) Potential(xc) Potential



  

RECAP: The Exchange-Correlation Energy functional

Exchange-CorrelationExchange-Correlation
FunctionalFunctional



  

RECAP: The Exchange-Correlation Hole
Exchange-CorrelationExchange-Correlation

HoleHole

Classical Poisson's Classical Poisson's 
potential (Hartree )potential (Hartree )

Quantum statistical Quantum statistical 
Exchange (Fock)Exchange (Fock)

Correlation Correlation 

Spatial non-Spatial non-
localitylocality



  

Summary so far

DFT is an exact DFT is an exact ground state (GS)ground state (GS) theory theory

The GS density can be formally rewritten in terms of a gas of The GS density can be formally rewritten in terms of a gas of 
independent (KS) particles moving in an independent (KS) particles moving in an unknown mean-field unknown mean-field 
KS potential.KS potential.

The KS potential is generated by an (stil l unknown) The KS potential is generated by an (stil l unknown) exchange-exchange-
correlation functional.correlation functional.

The exchange-correlation functional  can be defined in terms The exchange-correlation functional  can be defined in terms 
of an of an exchange-correlation hole.exchange-correlation hole.



  

The marvelous world of … Approximations

If it is everything If it is everything 
UNKNOWNUNKNOWN how  how 
do I finish my PhD do I finish my PhD 
calculations?!?!calculations?!?!



  

Strategies to approximate the xc functional
Exact expression would require the solution of the Many-Body Exact expression would require the solution of the Many-Body 
problem. This can be done only for extremely simple toy problem. This can be done only for extremely simple toy 
modelsmodels

Non-EmpiricalNon-EmpiricalEmpiricalEmpirical

Uses fitting parametersUses fitting parameters Use exact constrains or Use exact constrains or 
alternative approaches alternative approaches 
(like MBPT)(like MBPT)



  

Jacob’s Ladder: from Earth to Heaven
EXACT Energy FunctionalEXACT Energy Functional

Approximated FormsApproximated Forms

Hartree: no exchange-correlationHartree: no exchange-correlation



  

Jacob’s Ladder: from Earth to Heaven



  

The marvelous world of … Approximations

J. Chem. Phys. 136, 150901 (2012)J. Chem. Phys. 136, 150901 (2012)

●Even just the next step up Jacob’s ladder, Even just the next step up Jacob’s ladder, 
the GGA, has no unique form.the GGA, has no unique form.

●Purists like to use exact conditions of Purists like to use exact conditions of 
quantum mechanics to derive the quantum mechanics to derive the 
parameters in their approximate parameters in their approximate 
functionals, and so claim to be non-functionals, and so claim to be non-
empiricalempirical

●Pragmatists  have allowed one or two Pragmatists  have allowed one or two 
parameters to be fit to specific systems, parameters to be fit to specific systems, 
such as in B88 for exchange and LYP for such as in B88 for exchange and LYP for 
correlation.correlation.

●By fitting, one usually finds higher By fitting, one usually finds higher 
accuracy for systems similar to those fitted, accuracy for systems similar to those fitted, 
but greater inaccuracies far away.but greater inaccuracies far away.

J. Chem. Phys. 136, 150901 (2012)J. Chem. Phys. 136, 150901 (2012)



  

Strategies to approximate the Exc: the HEG 
(High density limit)

ExactExact UnknownUnknown

Wigner Radius Wigner Radius 



  

Strategies to approximate the Exc: the HEG 
(Low density limit)

ExactExact DMCDMC

There are several expressions for the correlation energy which have been obtained by There are several expressions for the correlation energy which have been obtained by 
fitting to the results of accurate QMC calculations of the HEG. These expressions are fitting to the results of accurate QMC calculations of the HEG. These expressions are 
rather complicated and they are usually refereed to by their abbreviations such as VWN, rather complicated and they are usually refereed to by their abbreviations such as VWN, 
VWN5, CAPZ, and others.VWN5, CAPZ, and others.



  

The Local Density Approximation

HEGHEG



  

The Local Density Approximation (atoms)

HEGHEG

Reviews of Modern Physics 61, 689 (1989)Reviews of Modern Physics 61, 689 (1989)

Clearly arguments based on small Clearly arguments based on small 
departures from homogeneity cannot be departures from homogeneity cannot be 
applied.applied.
Both the HF and the LSDA methods lead to Both the HF and the LSDA methods lead to 
departures from experiment that are much departures from experiment that are much 
greater than would be acceptablegreater than would be acceptable



  

The Local Density Approximation (solids)
Cohesion is well described Cohesion is well described 

Trends in the lattice constants are Trends in the lattice constants are 
described very well. In the case of the described very well. In the case of the 
alkalis, the LSD calculations underestimate alkalis, the LSD calculations underestimate 
the bond lengths by a small amountthe bond lengths by a small amount

Lattice constants and bulk moduli Lattice constants and bulk moduli 
are given remarkably wellare given remarkably well

cohesive energies are cohesive energies are 
overestimated by up to 1.0 eV.overestimated by up to 1.0 eV.



  

The Local Density Approximation (failure)

KSKS

TDDFTTDDFT

Total EnergyTotal Energy

Ground state Ground state 
ElectronsElectrons

ExcitationsExcitations

LDA fails dramatically in LDA fails dramatically in 
describing electronic localization describing electronic localization 
due to correlation. due to correlation. 



  

Self-Interaction Error

Only one electron  No CORRELATION→Only one electron  No CORRELATION→

As Hartree (Exact) and Exchange (HEG) are As Hartree (Exact) and Exchange (HEG) are 
calculated differently the electron has a residual calculated differently the electron has a residual 
interaction with itself (Self-Interaction)interaction with itself (Self-Interaction)

Orbital dependenceOrbital dependence

SI is caused by the approximate treatment of SI is caused by the approximate treatment of 
exchangeexchange

SI  is an important source of error in LDA/GGA. SI  is an important source of error in LDA/GGA. 
This can lead to qualitatively wrong resultsThis can lead to qualitatively wrong results



  

The Generalized Gradient Approximation
““Even just the next step up Jacob’s ladder, the GGA, has no unique form” (K. Burke)Even just the next step up Jacob’s ladder, the GGA, has no unique form” (K. Burke)

Exchange: Becke 1988Exchange: Becke 1988

Correlation: Lee-Yang-Parr 1988Correlation: Lee-Yang-Parr 1988

Perdew-Burke-Ernzerhof 1996Perdew-Burke-Ernzerhof 1996

●LYP correlation works very well as part of B3LYP in LYP correlation works very well as part of B3LYP in 
chemistry, but fails badly for bulk metals.chemistry, but fails badly for bulk metals.

●The PBE approximation works passably well for many The PBE approximation works passably well for many 
materials purposes, but can be a factor of 2 or more materials purposes, but can be a factor of 2 or more 
worse than BLYP for dissociation energies.worse than BLYP for dissociation energies.



  

LDA vs GGA: the strange case of h-BN
AM, P. García-González, and Angel Rubio Phys. Rev. Lett. 96, 136404 (2006)AM, P. García-González, and Angel Rubio Phys. Rev. Lett. 96, 136404 (2006)

dd

LDA amazingly works due to LDA amazingly works due to 
drastic error cancellations.drastic error cancellations.

GGA does not bind the layers.GGA does not bind the layers.



  

Search the literature for calculations on similar materials and properties (many Search the literature for calculations on similar materials and properties (many 
more properties than just the energy can be computed from DFT). Compare your more properties than just the energy can be computed from DFT). Compare your 
“candidate” functionals by searching in the publications that describe their “candidate” functionals by searching in the publications that describe their 
development for their strengths and weaknesses, especially with respect to the development for their strengths and weaknesses, especially with respect to the 
types of calculation you want to run.types of calculation you want to run.

Run some “calibration” calculations where you can compare the accuracy of Run some “calibration” calculations where you can compare the accuracy of 
possible functionals and basis sets to decide which combination is best for possible functionals and basis sets to decide which combination is best for 
your “production” calculations.your “production” calculations.

Check, check and check again the literature! Computational simulations of Check, check and check again the literature! Computational simulations of 
materials consume a lot of computer time. It is a great disappointment if you materials consume a lot of computer time. It is a great disappointment if you 
discover that the calculations you have been running for 6 months are discover that the calculations you have been running for 6 months are 
worthless!!!worthless!!!



  

The Many-Body approach

The exchange-correlation Energy can be formally derived from The exchange-correlation Energy can be formally derived from 
the Hamiltonian average by using Many-Body techniquesthe Hamiltonian average by using Many-Body techniques

DFTDFT MBPTMBPT



  

Different physics, different approaches
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